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01. INTRODUCTION 
IN THIS paper we consider the following construction. Take two knots in homology 3-spheres, 
remove an open tubular neighbourhood of each, and glue the remaining knot exteriors together by 
some homeomorphism between their boundaries. The result is a closed 3-manifold. Since the 
exterior of the unknot in S3 is a solid torus, the class of such 3-manifolds includes the lens spaces, 
and, more generally, the manifolds obtained by removing atubular neighbourhood of a knot in S3 
and sewing it back differently. 
The homology spheres M obtained by this last method have been studied by Gonzalez [151. In 
particular, he gives a formula for FM (the signature invariant E Z2 defined using Rohlin’s theorem), 
in terms of the Arf invariant of the knot and the integer which describes how the tubular 
neighbourhood is sewn back. The invariant CL, however, can be defined for Z2-homology 
spheres [8,21], only now it lies in Zs. We therefore consider the Zz-homology spheres M obtained 
by the present more general construction, and one of our main results is a formula for PM, in terms 
of the p-invariant of a certain corresponding lens space, the Arf invariants of the knots in question, 
the pinvariants of their ambient homology spheres, and the 2 x 2 integral matrix which describes 
the gluing homeomorphism. The proof is based on plumbing. 
The proof also requires a geometric description of the Arf invariant for knots in homology 
spheres analogous to that given by Robertello [35] for knots in S3. Since the argument in [35] only 
works for S3, we have to adopt a different approach. This uses surgery. 
Restricting attention to knots in S3, we show that the homology spheres obtained by gluing 
together the eiteriors of slice knots always bound contractible 4-manifolds. It turns out that these 
include the contractible 4-manifolds of Poenaru [33] and de Rham [34], and in fact we get a rather 
simpler description of their examples. We are also able to answer de Rham’s question[34, p.7291. 
If we work with non-trivial knots in S3, then the manifolds obtained are irreducible. For 
example, Gross [ 181 has used this method (with torus knots) to produce infinitely many irreducible 
homology spheres. Using slice knots, we get infinitely many irreducible homology spheres which 
bound contractible Cmanifolds, thus slightly sharpening Glaser’s result [131. Now contractible 
4-manifolds correspond to cobordisms W with one end homeomorphic to S”, such that the 
inclusion of S3 in W is a homotopy equivalence. By using some of the knotted ball pairs described 
by Gordon and Sumners[l7], we produce analogous cobordisms for any lens space. 
Finally, applying the gluing construction to the k-fold covers of knot exteriors, we obtain 
irreducible 3-manifolds with free Zk-actions. In particular, we give a negative answer to a question 
of Orlik[30]. 
52. DEFINITIONS AND NOTATION 
(2.1) For convenience, we shall work in the smooth category. All manifolds will be compact, 
connected, and oriented. The boundary of X, ax, inherits its orientation from X. -X will denote X 
with the opposite orientation. Similarly, if L = (X, A) is a pair. then -L is the pair (-X, -A). Pairs 
will usually be proper, i.e. A fl aX = C?A. Orientation-preserving diffeomorphism (possibly of 
pairs) will be denoted by =. The unit n-ball will be variously denoted by B”, D”, or E”, the n-sphere, 
aB”+‘, by S”, and the unit interval by I. 
(2.2) If X, Y are (disjoint) n-manifolds, with X0, Yo(n - I)-submanifolds of 8X, c?Y respec- 
tively, and if h: X0+ Y0 is an orientation-reversing diffeomorphism, then Xu h Y will denote the 
quotient space X U Y/(x - hx for all x E X0). By the existence and uniqueness of collars, 
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XU ,, Y has a natural structure as an n-manifold. If h comes from some natural identifications of
X0 and Y,, with 2, say, we may write XU z Y for XU ,, Y. 
The double of X along X0 is XU G - X, and will be denoted by 2(X; X0). For 2(X; ax), the 
double of X, we simply write 2X. We shall also use an extension of this notation for pairs: if 
L = (X, A) is a proper pair, X0 a codimension 0 submanifold of 8X, and Lo = (X0, dA II X0), then 
2(L ; Lo) will denote the pair (2(X; X0), 2(A ; JA f~ X,,)). Similarly, 2L will mean 2(L ; 3L). 
(2.3) In all statements about homology, integer coefficients are to be understood unless it is 
explicitly stated otherwise. 
(2.4) Let G be an abelian group. A G-homology sphere is a closed 3-manifold M such that 
H,(M; G) z H,(S’; G). Closed 3-manifolds M’ and M- are G-homology-cobordant if there 
exists a Cmanifold W with 8W = M’ U -M-, such that the inclusions M’+ W induce 
isomorphisms HJM’; G) --, H,( W; G). G-homology-cobordism classes of G-homology 
spheres form an abelian group with respect o connected sum, the zero element being [S3] and the 
inverse of [M] being [-Ml. This group will be denoted by z3(G) [161. In accordance with (2.3), we 
write X3 for X’(Z). 
A proper pair C = (W, S’ x I) such that aC = C’ U -Cm, where C’ = (M’, S’ X 0) and 
C- = CM-, S’ x l), is a homology-cobordism between the knots C’ and C- if W is a 
homology-cobordism between M’ and M-. Then homology-cobordism classes of knots in 
homology spheres form an abelian group with respect o connected sum (of pairs), the zero element 
being [0], where 0 is the unknot in S3, and the inverse of [K] being [-Xl. This group will be denoted 
by x3.‘. 
A knot cobordism between knots C’ and C- in S3 is a proper pair C = (S3 x I, S’ x I) such that 
C’ 2 (S3 x 0, S’ x 0) and C- = (9 x 1, S’ x 1). The relation of knot cobordism gives rise to the 
classical cobordism group (e’.’ of knots in S’[12]. Note that there is a natural homomorphism 
% 3.1 ~ tpl* 
(2.5) For Zz-homology spheres M, Eells and Kuiper [S] have defined an invariant pM E 0/Z as 
follows (see also [21]). M bounds a 4-manifold Y such that H,(Y) has no 2-torsion and the 
quadratic form of Y is even. Then set ’ 
pM = T (mod l), 
where a(Y) is the signature of Y. This is well-defined, by Rohlin’s Theorem[36]. 
It is also clear that p induces a homomorphism p : %‘3(Z2) +0/Z. (If W is a Zz-homology- 
cobordism between M’ and M-, and M- = 8Y as above, just consider WlJ M- Y.) 
Since the quadratic form of Y has odd determinant (because M is a Z,-homology sphere) and is 
even, it follows that its rank is even, and hence that u(Y) is even. The image of 1 is therefore 
contained in Zs. (Here, and in similar contexts, we regard Zk as a subgroup of Q/Z in the obvious 
way.) By evaluating or, on suitable lens spaces L(n, q) with n odd, for example (see [21]), it is easy 
to show that in fact the image of p is exactly Zg. If M is a homology sphere, then the quadratic form 
of Y is unimodular, and hence g(Y) =O (mod 8). We therefore have a homomorphism 
p : Z’+ Zz, which is again onto, since for example, p (dodecahedral space) = l/2. 
(2.6) Let K = (M, S’) be a knot in a homology sphere M. Then there is a tubular neighbourhood 
S’ x 0’ of S’ = S’ x 0 in M, such that if * E dD*, then S’ x * is homologous to zero in 
X = M\S’ x int D2, the exterior of K. Such a tubular neighbourhood will be called standard. We 
shall always identify aX with S’ x 80’ in this way. If we define oriented loops I, m on aX by 
1 = S’ x *, m = * x aD2, we call 1, m a longitude-meridian pair for K. 
Similarly, if C = (W, S’ x I) is a homology-cobordism between knots C’ = (M’, S’ x 0) and 
C- = (M-, S’ x 1) in homology spheres M’, M-, then there exists a tubular neighbourhood 
S’xD’xIof S’xI=S’xOxIin Wsuchthat S’XD’XI f~ M’=S’xD’xOisastandard 
tubular neighbourhood for C’, and similarly for C-. Then S’ x * x f C S’ X aD2 X I is homolog- 
ous to zero in Y = W\S’ x int D* x I. We call Y the exterior of C, and S’ x * x t, *X aDz x t a 
longitude-meridian pair for C. Note that any two longitude-meridian pairs are homotopic in Y. 
(2.7) Parametrize D* by polar co-ordinates (r, 6 1, and S’ by the angular co-ordinate 8. Then, if 
is a 2 x 2 integral matrix with det A = t 1, there is a corresponding diffeomorphism 
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h: S’xS’+S’xS’ defined by 
Similarly, a matrix 
h: D’xS’-,D’xS’by 
where E =Ll, n =tl, defines a diffeomorphism 
h((c 0). 4) = ((r, ~6 + ,&#J), ~6). 
$3. THE BASIC CONSTRUCTION 
(3.1) For i = 1,2, let Ki be a knot in a homology sphere M,, with exterior Xi. Let 4 = 
( ) 
y f be 
a 2 x 2 integral matrix with det A = -1. Then, identifying A% with S’ x dD2 as in (2.6), i = 1,2, 
A defines an orientation-reversing diffeomorphism h: 8X, *ax,, as in (2.7). The closed 
3-manifold X, U ,, X2 will be denoted by M(K,, KG A) (or sometimes, more explicitly, by 
M(K, 7 KG a, P, Y, 4). 
Note that if fi, mi is a longitude-meridian pair for Ki, and Ai, pi are the corresponding elements 
of rr,(~?X), i = 1, 2, then h *: n,(aX,)* ~,(c?X,) is given by 
LEMMA 1. H,(M(K,, K,: A)) = &,I. 
Proof. By Alexander duality, H,(X) = HJS’), where H,(X 1 is generated by the class of mi, 
i = 1, 2. The result now follows from the Mayer-Vietoris homology exact sequence of the triad 
(X,, x2; S’ x dD2). 
(3.2) Observe that M(K,, KG a,/?,y,S)=X~u hXt 
z X,u h-1 XI = M(K,, K,; -S,P,y,-Q). 
In particular, M(K, K; a,/3, ~,-a) has a non-trivial orientation-preserving involution g. The 
fixed-point set of g is an S’ C ax, which is not hard to identify. 
LetK=(M,S’),andwriteK*=(M,-S’),K*=(-M,S’),sowehaveK**=K**=-K.Itis 
then easy to verify that 
M(K,, Kz; &,,,y,&)= M(K:, Kz; -“T-&-Y~-~) 
z -M(KT, KT; a,-&-~,~). 
(3.3) Let X be the exterior of K = (M, S’), where M is a homology sphere. Suppose that the 
homomorphism P,(JX) + r,(X) induced by inclusion is not a monomorphism. Then the Loop 
theorem and Dehn’s lemma [31,32] imply that there is a ‘-disc D C X, properly embedded, such 
that [do] # 1 E a,(aX). Since 3D is embedded in ax, [do] = A’p’ E r,(dX), where A, p 
correspond to a longitude-meridian pair for K and (r, s) = 1. Since 8D is null-homologous in X, 
s = 0, and therefore r = 21. Hence there is an annulus in S’ x 0’ (a standard tubular 
neighbourhood for K) joining ttD and S’ x 0, and so S’ x 0 bounds a disc in M, i.e. K is trivial. 
Hence if Ki = (Mi, S,‘) are non-trivial knots in homology spheres, i = 1, 2, then, by van 
Kampen’s Theorem, r,(M(K,. K2; A)) is a proper free product with amalgamation 
5r,(X*)Txz7T, (X2), and M(K,, K2; A) is sufficiently large[41]. If, furthermore, X is irreducible 
(which will be the case, for example, if M, = S3, or if M, is irreducible and S’ is essential in Mi ), 
i = 1, 2, then M(K,, K2; A) is also irreducible. 
(3.4) Since the exterior of the unknot 0 is E* x S’, the manifolds M(0, K: A) are precisely those 
obtained by removing a tubular neighbourhood of K and sewing it back (possibly) differently. In 
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particular, if K is a knot in S3, then the homology spheres M(0, K; a, p, ?1,6) are just those 
obtained from K by Dehn’s method[7]. 
Since any diffeomorphism aE* x S’ --, 8EZ x S’ given by a matrix of the form 
(?A A? 
extends to a diffeomorphism E2 x S’ +E’xS’, we see that,for l =*l, M(O,K;cu,/3,~,6)= 
M(0, K; ELY, 1, 1,O). The latter we abbreviate to M(K; ~a). We then have M(K; 0) = A4 (if K is a 
knot in M), and (see (3.2)) 
M(K; a) = M(K*; a) = -M(K*; -a)= -M(-K; -a). 
For example, if K is the torus knot of type m, n, suitably oriented, then [37,§ 131 M(K; a) is the 
Seifert homology sphere with 3 exceptional fibres of multiplicities m, n and ](~mn - 1). In 
particular, r,(M(K; 1)) + n,(M(K; -1))[37, p. 2041 which illustrates the well-known fact that 
K+K* or -K. 
It has been conjectured that if K = (S’, S’) is non-trivial,Then ?r,(M(K; a)) = 1 only if (Y = 0. 
This conjecture is still unsettled in general, although it has been verified for many classes of 
knots[37, 2, 15, 391. 
For completeness we note that M(O,O; A) = E2 x S’U I, E2 x S’ is the lens space L(r, -a) = 
,5(-y, 8) (we adopt the orientation convention of [21]). 
(3.5) Exteriors of homology-cobordisms between knots in homology spheres can be glued 
together in a manner analogous to that described in (3.1) for knot exteriors. Precisely, if, for i = I,?, 
Y, is the exterior of C, and Xi’ the exterior of C,‘, then aY, = Xi’ U S’ X 3D2 X I U -XT. Now 
consider the orientation-reversing diffeomorphism h x id: S’ x 8D2 x Z + S’ X JO2 X Z, where h : 
S’ x ,3D2 3 S’ x aD2 is given by the matrix A, and define W(C,, C2; A) = Y,U hxid Yz. 
The analogues of (3.2) hold for these cobordisms. For example, W(C, C; a, /I, y, -a) has a 
non-trivial orientation-preserving i volution g. 
We also have the following (compare 115, Proposition 4.111): 
LEMMA 2. W(C,, C2; A) is u homology-cobordism between M(C,‘, C2’; A) and 
M(C,-, Cz-; Ah 
Proof By Alexander duality, the inclusions of Xi’ in Y, induce homology isomorphisms, i = 1, 
2, as clearly do the inclusions of S’ x aD2 x 0 and S’ x aD2 x 1 in S’ x JO2 x 1. The result then 
follows by considering the Mayer-Vietoris homology exact sequences of the triads (Yl, Y2; S’ X 
aD2 x I), (XI+, X2+; S’ x aD2 x 0) and (X,-, X2-; S’ x aD2 x 1). 
(3.6) Lemmas 1 and 2 show that if A = 
( > 
y” i with det A = -1, and if G is any abelian group 
such that Ziyi @ G = 0, then we can define a function 
by putting 
&([KJ, [K21) = [M(Kt, Kz; AN. 
In particular, we have 
Similarly, we have 
defined by dk=$..,(u $ v), where v: % 3~’ + g’.’ is the obvious “forgetful” homomorphism. 
These all generalize the function 
D,: %‘.‘-+X’, a E Z, 
defined by D,([K]) = [M(K; a)], which was introduced by Gonzalez[lS]. 
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Now 4_, (0,O) = [L(y, S)] is not necessarily 0 in P(G) (although if y = 21, then we do have 
+,,(O,O) = 0 in X’, since L(?l, S) = S3). If, however, we define 
$A: %‘a*’ $ %?,’ + X3(G) 
by 
&4(tX11, [&I) = 4,([K11, [X21) - tiA(O, 0), 
then +A (0,O) = 0, and it is reasonable to ask if JIA is a homomorphism. It will follow from Theorem 
2 in (5.1) that if 
I*- : X’(Z,) --) z, 
is the b-invariant homomorphism given by Rohlin’s Theorem (see (2.5)), and if y is odd, then at 
least the composite 
is a homomorphism. Again, for 
this is due to Gonzalez[lS]. 
$4. A GEOMETRIC INTFoRPRETATION OF THE ARF Ih’VARIAN’T 
(4.1) Let K = (M, S’) be a knot in a homology sphere M. If S’ x D* is a standard tubular 
neighbourhood for K, then projection S’ x aD* + aDZ extends to the map p : X + aDz (see, for 
example [43; p. 4831; the proof there is valid for homology spheres). By transversality, we may 
assume, for some * E aD*, that p-l(*) is a 2-manifold F, and indeed that there is an embedding 
F x I c X, with F x I fl ax = aF x I. Using such a Seifert surface F, all the usual invariants of 
classical knot theory can be defined in the present more general context. 
In particular, let i’, i-: F * M be the embeddings 
respectively, and define [25] 
corresponding to F I+ F x 1, F x 0 
x(x) = L(i;(x), ii(x)), 
where L denotes linking number in M. Then[25] 
X(x+~)~x(x)+x(y)+x.y (mod2), 
and so x has an Arf invariant c(x) E Z,. 
It turns out that if A(t) is the Alexander polynomial of K, then c(x) = 0 or l/2 according as 
A(-1) = +l or r3 (mod 8)[25,20] (see also [28]). In other words, c(x) = (A(-1)2 - 1)/16 (mod 1). 
c(K), the Arf inuariant of Ii, is defined to be c(x). 
(4.2) For the calculation of kM(K,, K,; A), we need a geometric interpretation of the Arf 
invariant analogous to that given by Robertello[35] for knots in S3. 
So let K = (M, S’), M a homology sphere, and suppose that (M, S’) = a(Y, B*), where Y is a 
4-manifold with H,(Y) = 0. Recall that the quadratic form of Y is the symmetric bilinear form 
H*(Y)XH*(Y)-,Z 
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defined by intersection umber. Since H,(aY) = 0, we identify Hz(Y) with H2(Y, 8Y) via the 
isomorphism Hz(Y) + I&( Y, 8Y) induced by inclusion. Then let 5 E Hz(Y) be the class 
represented by B2, and suppose that 5 is characteristic for the quadratic form of Y, that is, 5. z = z2 
(mod 2) for all z E Hz(Y). Under these assumptions, we shah say that the pair (Y, B’) is 
admissible for K, and we then define 
p(K)=+“(Y)-pM E Q/Z. 16 
It is clear that for knots in S3, this coincides with the invariant C$ defined in [35]. 
(4.3) LEMMA 3. p is well-defined, and induces a homomorphism p: %“* + Q/Z. 
Proof. (1) We must first show that there exists an admissible pair for K. To this end, let S’ x D’ 
be a standard tubular neighbourhood of S’ in M, and consider (M, S’ x D’) x I. Let f: S’ X D* x 
l+ aE2 x 02 be given by 
1 0 
( > -1 1’ 
and define p = M xufE2x D*. Then aP = 
MU - M(K; 1). Since M(K; 1) is a homology sphere, there exists a simply-connected Cmanifold 
Y’ with even quadratic form such that M(K; 1) = aY’[21, p. 531. Define Y = PU M(K. ,) Y’, and let 
B*=S’xOxI U E*xO C P C Y; then a(Y,B’)=(M,S’). The Mayer-Vietoris Theorem 
shows that 
Hz(Y)=H*(Y’)$Z, 
where the last summand is generated by & the class of B’ in H2( Y, aY) = H2( Y). Then clearly 
5. z = 0 for all z E H2( Y’), and therefore 5. z = z* (mod 2) for all z E H2( Y’), since the quadratic 
form of Y’ is even. Hence (Y, B2) is admissible for K. 
(2) Suppose next that (Y,, Bt?, i = 1,2, are both admissible for K, with corresponding classes 6. 
Define 
A Mayer-Vietoris exact sequence shows that 
H*(N) = H2( Y,) $ H2( Y*h 
and, under this isomorphism, the class .$ E H*(N) represented by S* = B,*U S’ - B2* corres- 
pondsto&-~2.Since~i.z=z2(mod2)forallz E H2(Yi),i=1,2,itfollowsthat~.z=z*(mod 
2) for ail z E H,(N). Now since 5 is represented by the smoothly embedded 2-sphere S2, the 
theorem of Kervaire and Milnor[24] implies that 
.$‘- u(N) = 0 (mod 16). 
But a(N) = u( Y,) - u( Y2) (since M is a Q-homology sphere), and 5’ = 5,’ - [*‘(remember that we 
have reversed the orientation of Yz). Therefore 
&‘- u( Y,) = r2* - a( Y2) (mod 16). 
This shows that p(K) is well-defined. 
(3) To show that p(K) depends only on [Kl E Xl*‘, let (W, S’ x I) be a homology-cobordism 
between knots K1 = (M,, S’ x 0) and K2 = (M2, S’ x I), where MI and M2 are homology spheres, 
and let (Y2, B2’) be admissible for K2. Then 
is admissible for K,. Also, a( Y,) = u( Y2), PM, = pM2, and if & E H2(Yi) is the class represented 
by Bi2, i = 1, 2, then l,‘= 5:. Hence p(K,) = p(K2). 
(4) Reversing ah orientations hows that p(-K) = -p(K). 
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(5) Finally, if (Y,, B?) is admissible for K,, i = 1,2, then the boundary connected sum (of pairs) 
(Y,, B,*) # (Y,, Bt) is admissible for K, # I&, which implies that p(K, # Kz) = p(K,) + p(&). 
(4.4) We now show that p is just the Arf invariant. For knots in S3, this is proved in [35]. The 
present proof is necessarily rather different, however, and uses surgery. 
THEOREM 1. p(K) = c(K). 
Proof. Suppose K = (M, S’), M a homology sphere. Let F C M be a bicollared Seifert surface 
for K, as in (4.1). Recall also the definition of x: H,(F)+Z. Let xl,. . .,x,, yl,. . ., y. be any 
symplectic basis for H,(F). Then 
c(K) = c(x) = ‘x(x;)x(pi) (mod 1)[25]. 
Consider first the case c(K) = 0. Then we may suppose that 
for some even integer 
follows[23, p. 5351 
then satisfies x(x:) = 0 
x(xi) = x(y#) = 1 (mod 2) i 5 s 
x(xi) = 0 (mod 2), i > s, 
s, 0 5 s 5 n. The new symplectic basis xi, . . ., xi,, y I, . . ., yA defined as 
.x&-I = xzi-1 -+ xzi, xsi = y*i-I - yzi. 
2i I s, 
y;-I = yzi-I, y;i = x*i I 
x: = xi, y;’ yi i > s, 
(mod 2), Isian. 
Moreover, if (as we may assume) the original basis xl, . . ., x,, yl, . . ., y,, is standard (that is, xi, y; 
is a standard pair for each handle of F), then it is clear that x I, . . ., x L can be represented by disjoint 
l-spheres S,‘, . . ., S,‘. Each Si’ bounds a bicollared surface Gi in M. The normal bundle of S;’ in M 
then has two natural framings: the first, .%, arising from the inclusions S’ C F C M, and the 
second, %ii, arising from the inclusions S,’ C Gi. C M. The condition x(x:) = 0 (mod 2) means that 
these framings differ by a map S’ + SOZ which represents an even element of nl(SOZ) 2 Z. 
Now M = JV, where V is a simply-connected 4-manifold with even quadratic form. Also, 
M = M x 0 has a collar M x I C V, which we use to push int F and Gi into int V. Precisely, we 
replace F by F x 1 u aF x I (with comers rounded), which we shall continue to denote by F, and 
we replace Gi by Gi x 1, which we continue to denote by Gi. The framings .% and 5% together with, 
say, the inward normal to M in V, then define framings 9: and 3: of the normal bundle of S’ in V. 
Since al(SOz) --+ n,(SOs) = Z2 is reduction mod 2, the framings 9: and % differ by a map S’ + SO, 
which represents zero in n,(SOJ). 
The idea is now to do surgery on F and V simultaneously, along the S”s, to make F a disc. With 
this in mind, consider S,‘, say, and let f: S’ x D3 + int V be a tubular neighbourhood of 
S,’ = f(S’ x 0) corresponding to the framing $1. Then f(S’ x D3) fl F = f(S’ x D’) is a tubular 
neighbourhood of S1’ in F, where D’ C D3 is the standard inclusion. Let V0 = V\f(S’ x int D3), 
and define V’ = B2 x S*u flS'xSz Vo. This surgery has the effect of replacing F by F’ = 
B’x S’u flslxso (F\f(S’ x int D’)). Note that genus F’ = genus F - 1. 
We claim that the class 7’ E Hz{ V’, 8V’) = H*(V)) represented by F’ is zero. First, recalling 
the definition of the framing %, we see that we can push the interior of the annulus f(S’ x D’) C F 
into. f(S’ x S*), along the collar of M in V, in the direction of M. This defines a surface 
F, = S’ x AU fls’xilA (F\f(S’ x int D’)) C VO, 
where A is an arc in S2 with aA = aD’ = So. Then, again using the collar, F. can be pushed into M, 
and so Q = [Fo] E H2(V0, M) = H,(V,) is zero. Also, let 5 E HdB* x S’) be the class 
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represented by B* x So U S ’ x A (oriented so that the orientation on S ’ x A is the opposite of 
that induced by F,). Since this bounds B’X A C B2 X S*, 5 = 0. But t7’ = [F’l E HZ(V) is the 
image of (no, 5) under the Mayer-Vietoris homomorphism H2( VO) $ H2(B2 x S’) + i%(V), and is 
therefore zero. 
We now examine the effect of the surgery on the quadratic form of V. By excision, 
H,(V, Vo) = H,(S’ x D3, S’ x S’) =Z, and Hz( V, Vo) = 0. Since m(V) = 1, H,(V) = 0 and Hz(V) 
is free abelian. The exact sequence of the pair (V, Vo) then gives a split short exact sequence 
0 + H,( v, V,) : H2( Vo) --) I#*( V) --, 0. 
Thus H2( v,,) s H2( V) $ Z, where Z is generated by u = Lf(* X S’II. Note that 1~’ = 0. 
Now consider V’. Since n,(Vo) = n,(V) = 1, van Kampen’s Theorem implies that al(V’) = 1. 
also, by excision, H,( V’, V,) = HZ(B2 x S*, S’ x St) = Z, and H,(V’, VO) = 0. The exact sequence 
of the pair (V’, VO) therefore yields a short exact sequence 
and hence Hz( V’) s H2( Vd 63 Z. 
A particular splitting can be chosen as follows. Let g: S’ x D3+ int V be a tubular 
neighbourhood of S,’ = g(S’x0) corresponding to the framing 3:. We may suppose that 
g(S’ x D”) =f(S’ x D3), and that g(S’ x D3) fl G, = g(S’ X I) C g(S’ X D’), where I C D’ = 
[-1, l] C D3 are the standard inclusions. Since the framings 9; and 3; differ by a null-homotopic 
map S’ -+ SO,, 
V’ = B* x S’u flSlxs* V,= B* x S2u glslxs’ Vo. 
Then we can take as generator for the Z summand in Hz( V’) = Hz( V,) $ Z the class D represented 
by the surface B* x 1 lJ sIslx, (G,\g(S’ x [0, 1))). By choice of g, this surface has a trivial normal 
bundle in V’, and so v2 = 0. 
Hence HdV’) z H2( V) $ Z $ Z, where the new generators u, v may be chosen so that 
u2= V2” 0; in particular, the quadratic form of V’ is even. Also, since surgery does not affect the 
signature, o( V’) = o(V). 
(By isotoping S,’ into a standard S’ C int D4 C V, it is not hard to see that in fact the effect of 
the surgery is just to add (in the sense of connected sum) a copy of Sz X S* to V. If the framings % 
and 3: had differed by the non-trivial element of n,(SO& then the effect would have been to add a 
copy of the non-trivial S* bundle over S’.) 
Doing such a surgery on each Si’, we eventually reduce F to a disc B* in a simply-connected 
4-manifold Y with even quadratic form, such that a(Y) = a(V), and such that 5 = LB21 E HZ(Y) 
is zero. Since the quadratic form of Y is even, ,$ = 0 is characteristic, and hence (Y, B*) is 
admissible for K in the sense of (4.2). Therefore 
p(K) = ‘t’- c+(y)- I.LM 
16 
_-o(Y) ,; ~(VL(j~ 
16 16 
Thus we have shown that c(K)=0 implies p(K)=O. 
In the case c(K) = l/2, let T be the trefoil knot in S’(so that we have c(T) = l/2), and consider 
K # T.Thenc(K # T)=c(K)+c(T)=O,andsop(K # T)=O,asabove.Also,p(K # 7’)= 
p(K)+p(T), by Lemma 3. But p(T)= l/2 [35, Lemma IS], and hence c(K)=p(K). 
45. COMPUTATION FTHE p-INVARIANT 
(5.1) If K, and K2 are knots in homology spheres, and if y is odd, then M(Kt, Kz; A) is 
Z2-homology sphere, and our present aim is to calculate the p-invariant (see (2.5)) of such 
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manifolds. For two important special cases, this has already been done. Firstly, if K, = Kz = 0, 
then we just have a lens space with fundamental group of odd order, and the k-invariants of these 
have been computed by Hirzebruch 1211. Secondly, the case K, = 0, Kt a knot in S3, and y = t 1 has 
been done by Gonzalez[lS]. 
Our result is the following: 
THEOREM 2. Let Ki be a knot in a homology sphere M,, i = I, 2, and let A = 
matrix with det A = -1 and y odd. Then 
be an integral 
where L(y, 6) is the lens space y, 6 and c is the Arf invariant. 
By [21, §8] FL(~, 8) can be explicitly calculated, from a particular kind of continued fraction 
expansion of a certain rational number associated with y and 6. 
Recall from (3.6) the definition of 
Theorem 2 then implies: 
COROLLARY 2.1. Suppose y is odd. Then 
is a homomorphism. 
Since L(‘1, S) = S3, we have: 
COROLLARY 2.2. If K, and K2 are knots in S3, and y = +l, then 
,&f(K,, K2; A) = &(KI) + ac(K2). 
COROLLARY 2.2.1 (Gonzalez[lS]). If K is a knot in S3, then pM(K; CY) = w(K). 
If the right hand side is zero in Corollary 2.2, one might expect hat [M(K,, KG A)] = 0 in X3, 
i.e. that M(K,, K2; A) bounds an acyclic Cmanifold. We shall see later (Corollary 3.1) that there 
are circumstances under which it actually bounds a contractible 4-manifold. 
(5.2) Hirzebruch’s calculation of pL( y, S), y odd, is based on the plumbing of D2-bundles over 
S2 according to a linear graph[21, $81. The calculation of pM(K,, Kz; A) will involve a similar 
construction, only here the objects corresponding to the two ends of the graph will involve the 
knots K, and K2 respectively. We therefore introduce the following notation. 
Let K = (M, S’) be a knot in a homology sphere M, with S’ x D2 C M a standard tubular 
neighbourhood of S’. Identify M with M x 0 C M x I, and attach a 2-handle to M X I along 
S’ x D2. Precisely, define for m E Z, 
where f: S’ x D2+ aB2 x D2 is given by -I 0 ( > m 1 . A Mayer-Vietoris sequence shows that 
H,(E(K; m)) = 0, and H,(E(K; m), M x 1)=HH2(E(K; m))‘Z, generated by z = 
[S’ x 0 x I u B2 x 01. Note that the self-intersection umber z2 = -m. 
Write D(m) for the D2-bundle over St with Euler number -m, which we think of as 
-1 0 
B,2~D,2UfB~~Dz2,wheref:aB,2xD,2-+aB~xDz2isgivenby m 1 .Thenrl(D(m))=l 
( > 
and %(D(m)) =Z, generated by z = [B12 X 0 U Bz2 X 01. Again z2 = -m 121, §81. 
(5.3) We shall need the following simple arithmetic lemma: 
LEMMA 4. Every 2x 2 integral matrix with determinant +I can be written as a product 
with r 2 2. 
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Proof, Let us call a matrix expressible if it can be so written. Since 
the expressibility of i 1; 1,” . But if lb ( > 0, then m may be chosen so 
that )mb - aj <lb\. Continuing in this way, we are finally left with a matrix of the form a 0 
( > c d’ 
where a = d = ?l, and it is easy to verify that such a matrix is expressible. 
(5.4) Proof of Theorem 2. Let K,, Kz be the two given knots, and let ml,. . ., m,, r 2 2, be a 
sequence of integers. We can then construct a 4-manifold V by defining 
V = E(K,; m ,)U g, D(mz)U n D(m4U . . . U sr-, E(Kz; mr)T 
where the diffeomorphisms 
g1: B2 x Dz+ B,’ x D,‘, 
gi: B2Z~Dt2+B,Z~D,2, 2silr-2, 
g,-1: Bz2x Dz2-+ BZxD2, 
are all defined by sending the first (second) factor on the left hand side to the second (first) factor 
on the right hand side, in the obvious way. If xi is the exterior of K,, i = 1, 2, then 
av 2 (X,(J h x2,u - UJ - A429 
where h: aXI + c!IX, is given by 
Now let A = with det A = - 1 be our given matrix. We want to choose m,, . . ., m, so that 
XII,_) h X2 2 M(K,, K,; A), i.e. so that the above product of matrices’is equal to A. Multiplying 
, this is equivalent to 
which can be solved for the m, by Lemma 4. We thus have a 4-manifold V with 
SV 3 M(K,, Kz; A)U - MJJ -M,, such that H,(V) = 0, and Hz(V) = ,&, Z, with generators 
ZI, . . ., z, whose intersection numbers are given by 
-mi, i = j, 
zi . 2, = 1) i=j-tl, 
0, otherwise. 
Assume from now on that y is odd. Let V0 be a simply-connected 4-manifold with even 
quadratic form such that aV,= M(K,, Kz: A), and let N = Vu M,K,.K2;A)- V,. Since 
M(K,, K2; A) is Z2-homology sphere, a Mayer-Vietoris exact sequence, with Zz coefficients, 
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shows that there is an isomorphism H2(N; Z,) = IUV; ZJ $ H~(VO;ZZ) induced by the 
inclusions of V and V0 in N. 
Again since M(K,, K2; A) is a Zt-homology sphere, the quadratic form of V over Z, is 
non-singular, and hence [21, p. 261 there exists a unique element ,$ E (Hz(V; 25) such that 
f. f = f* for all f E Hz( V; Z,). Also c. f = 0 = .? for all 2 E H2( VO; Z,), since the quadratic 
form of V, is even by assumption. Hence if 5 E Hz(N) is any clement whose mod 2 reduction is 
i, then 5 is characteristic for the quadratic form of N. Take 5 to be the unique such element of the 
form i”, aizi with ai = 0 or 1 for each i. Then 5 can be represented geometrically as follows. If 
5 = 0, then it can clearly be represented by a (smoothly embedded) 2-sphere in int N. Suppose, 
then, that some ai # 0. Recall that zi is represented by a surface E in V, where F, is a 2-sphere if 
if 1, r, and F, and F, are 2-discs with their boundaries in -Ml and -Mz respectively. Let 
il<iz<... < i,, 1 5 s s r, be the set of those i for which ai = 1. Then we successively pipe 
together F,, and E,,,, for j = 1,2, . . ., s - 1. If i,+, > ij + 1, this is done by removing the interior of 
a small 2-disc from each of Ei and E,+, and joining the resulting boundaries by an annulus which 
misses all the other Fi,‘s and any previously constructed annuli. If ii+, = ij + 1, then there is a 
slight complication in that F,, and E,,, now intersect transversely at a point x, say, but the same 
construction can still be carried out provided that each of the 2-discs removed contains x in its 
interior. 
This gives a surface F in N representing 5 such that (i) if aI = a, = 0, then F is a 2-sphere in 
int N; (ii) if a1 = 1, a, = 0, then F is a 2-disc with aF C -MI: (iii) if at = 0, u, = 1, then F is a 
2-disc with aF C -M2; (iv) if a, = a, = 1, then F is an annulus with a component of aF in each of 
-MI and -Ml. 
Let Vi be a simply-connected 4-manifold with even quadratic form such that aVi 2 M,, i = 1, 
2. Define a pair (Y, B*) as follows: 
In case (i), first let Y0 be obtained by attaching a copy of Vi to N along M,, i = 1,2. Now let 
(E’, E*) C (Y,, F) be a standard disc pair neighbourhood of some point in F, and define 
(Y, B2) = (Y,, F)\int (E*, E’). In case (ii), let (Y, B2) = (NU M2 V1, F). In case (iii), let (Y, B*) = 
(NU M, V,, F). In case (iv), let P C F be a properly embedded arc joining the two components of 
aF, and let P x (D’, D’) C (N, F) be a tubular neighbourhood of P. Now define (Y, B*) = 
(N, F)\P x int (D3, 0’). 
Then, recalling that Mi is a homology sphere and that the quadratic form of vi is even, i = 1,2, 
we see that (Y, B2) is admissible for the knot K = (M, S’), where in case (i), K = 0; in case (ii), 
K = -K,; in case (iii), K = -K2; and in case (iv), K = -K, # -K2. Hence by Theorem 1 
5’- (T(Y) c(K)= 16 - /.LM (E Q/Z). 
We also have 
c(K) = -a,c(K,)- a,c(Kz), 
and 
FM = -a,pM, - a+Mz. 
Since HI(M(K,, Kz; A); Q) = 0, 
4N) = c(V) - a( v,). 
Also, if we let b, = 0 or 1 according as ui = 1 or 0, i = 1, r, then it is clear from the definition of Y, 
since HI(Mi; Q) = 0, i = 1, 2, that 
c(y)= a(N)+ b,cr(Vd+bdV+ 
Note also that pMi = -(r(V)/16 (mod 1), i = 1, 2. 
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Hence (working in Q/Z), . 
/&(K,, Kz; A) = F 




b,a(V,) bn(V2) 5’- r(V) =-c(K)-pCLM-7-----f 
16 16 
=alc(K)+a~(Kz)+((a,+b,)~MI+(a.+br)~M2+ t’- u(V) 
16 ’ 
But now observe that u(V) depends only on the integers mi, and that 5’ is determined by the mr 
and the u,, and that the latter again depend only on the mi. Therefore putting K1 = K2 = 0, we see 
that 
The following lemma will then complete the proof. 
LEMMA 5. If - denotes reduction mod 2, then aI = $, a, = 5. 
Proof We have f = if, ai.& where Ti E H2( V; Z,) is the mod 2 reduction of t, and where F is 
determined by the equations 
g 2, = z2, i=l,....r. 




Writing bi = ai + 1, 1 I i 5 r, and defining b. = b,+, = 1, this is equivalent to the system 
bi_,+fiibi+bi+,=O, 15isr. (1) 
Now define 
Note in particular that 
and hence we have the recurrence relation 
ai+l = eiai + ai_,, 15 i < r. 
Notealsothata, = l,a2= filr(rr = 6, and y, = 7 = 1 (since y is odd), and therefore if we define 
a0 = 0; a,+, = 1, then the ai will satisfy the following system of equations: 
(2) 
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Now compare (2) with (1). Firstly, we have b,+, = (Y,+, = 1. Therefore 6, = (Y, would imply 
(comparing the rth equations of (1) and (2)), that b,-, = a,-,. Comparing the (r - 1)st equations of 
(1) and (2), this would then imply that b,-z = a,-z, and, continuing in this way, we would finally have 
b. = aa. But b. = 1 and CQ, = 0. This reductio ad absurdum shows that h, f a,, and hence that 
a, = b, + 1 = (Ye = c, as required. 
Finally, the fact that a I = d follows by applying a similar argument to the transposed matrices 
56. SLICE KNOTS AND CONTRACTIBLE QMANIFOLDS 
(6.1) Recall that a slice knot is a knot K = (S’. S’) such that [K] = 0 E Z3.‘. We show that the 
construction of (3.1) applied to slice knots, yields homology spheres which bound contractible 
Cmanifolds. The main result can be stated as follows, where as usual A = ff P 
( > Y 6 
is a 2 X 2 integral 
matrix with det A = -1: 
THEOREM 3. Let C,, Cz be knot cobordisms, with C,’ = 0. Suppose that y = ?I, and that either 
(I) Czc = 0, or (2) a = 0. Then W’= W(C,, C2; A) is a homology-cobordism befween S’ and 
M = M(C,-, C2-; A ), with n,(W) = 1. 
By attaching a copy of E’ to W along S3, Theorem 3 can be equivalently stated in terms of 
contractible 4-manifolds: 
COROLLARY 3.1. Suppose that y = 2 I. If K I is a slice knot, and either (1) Kz is a slice knot, or (2) 
a = 0, then M(K,, KZ; A) bounds a contractible Cmanifold N. 
Taking K, = 0, we obtain: 
COROLLARY 3.1.1. Ij K is a slice knot then M(K ; LY) bounds a contractible 4-manifold N. 
There is an analogue of Theorem 3 which holds for arbitrary y under a rather stronger 
hypothesis: 
THEOREM 4. For i = 1, 2, ler Ci be a knot cobordism, with exterior Y,, such that C,’ = 0 and 
v,(Yi) z:Z. Then W = W(C,, Cz; A) is a homology-cobordism between L(y, 8) and M = 
(C,-, C2-; A), with nl( W) = Z,,,. 
Remarks. (1) The condition on the knot cobordisms in Theorem 4 is quite strong, but the fact 
that there exist many such (with C,- non-trivial) follows from 1171. There, methods are given for 
constructing pairs L = (B4, B’) with 8L knotted such that L x I is unknotted. Removing the 
interior of a copy of the standard disc pair (I?, E*) C int L then gives a knot cobordism C with C- 
knotted, C' = 0, and whose exterior Y is homotopy equivalent to S'. Indeed, since L x 1 is 
unknotted, a(L x I) = 2L is unknotted, or, equivalently, 2(C: C-) = 0 x I. 
(2) For given knots C,-, Cz-, we do not know to what extent (if any) the cobordisms W of 
Theorems 3 and 4 depend on the particular knot cobordisms C,, Cz used in their construction. A 
similar remark applies to the N of Corollaries 3.1 and 3.1.1. 
(6.2) We pause to discuss the special case of Corollary 3.1.1. The fact that M(K ; (Y) bounds an 
acyclic 4-manifold is described by GonzalezI 15, p. 631 as follows. Let K be a slice knot, with 
K z aL, say, where L = (B4, El’). Let Bz x Dz be a tubular neighbourhood of B* in B* (so 
aB2 x D* is a standard tubular neighbourhood of aB’in aB'), and let V be the exterior of L. Define 
N=B2xDZU,V, where f:B*xaD’-B2xaD2 is given by i y. 
( > 
Then clearly aN = 
M(K; a), and, by a Mayer-Vietoris homology exact sequence, N is acyclic. 
Gonzalez also explicitly calculates that if K is the stevedore’s knot, then n,(N) = 1, and so N is 
contractible [15, p. 631. 
Observe, however, that f: BZ x aD* -+ B*x aD* is homotopic to the identity. Hence N is 
homotopy equivalent to B2 X D’IJ idlB’xaD2 V = B4, and is therefore always contractible. (Alterna- 
tively, van Kampen’s Theorem shows immediately that n,(N) = 1.) We thus have a simple direct 
proof of Corollary 3.1.1. 
(6.3) In [44, p. 291, Zeeman conjectures that if N is a contractible 4-manifold, and S a simple 
closed curve in aN which is essential in aN, then S does not bound an embedded piecewise-linear 
disc in N. A result of Fenn [lo] implies that this conjecture is false. The manifolds N of Corollary 
3.1 also provide plenty of explicit counterexamples. In fact it can be shown that if N is as in 
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Corollary 3.1, and a,(aN) # 1, then there is a simple closed curve S in 8N which is essential in 8N 
and bounds a smooth disc in N. We content ourselves with the special situation described in (6.2), 
where the result is particularly apparent. There we had N = 8’ x D’U f V, where V is the exterior 
of (B4, B*), and f: B2 x aD2 + B2 x aD2 is given by 
( > 
i y . Then the curve aB2 x 0 C aN bounds 
the smooth disc B2 x 0 C N. Furthermore, if X is the exterior of K = a (B’, B2) and A, p E r,(X) 
the elements corresponding toa longitude-meridian pair for K, then x,( aN) = n,(X)/(h”p) (where 
(. . .) denotes normal closure). But [aB2 x 01 = h in n,(aN), and hence if aB2 x 0 were inessential in
aN, we would have A = 1 in r,(aN), and so a,(aN) would be isomorphic to ~,(X)/Q.L) = 1. There 
are certainly plenty of examples where n,(aN) # 1; indeed, as mentioned in (3.4), it is conjectured 
that r,(aN) = 1 only if K = 0 or (Y = 0. 
(6.4) For 4 E S’, let R (4): S2+ S2 be rotation of St through an angle 4 about its polar So, so 
that R : S’ 4 SO, represents the non-trivial element of P,(SO~) = Z2. Recall the situation of (6.2). 
Gonzalez[lS, p. 631 notes that if 2L = (S4, S2), with tubular neighbourhood Sz x D2 = 
2(B2 x D2; aB2 x D2) and exterior X, then 2N = S2 x D’U ,, X, where fm : S2 x dD2 --, S2 x aD2 is 
given by 
fm(x, 4) = (R(~)(X), 4). 
If a is even, then fp is isotopic to the identity, and so 2N = S“. 
More generally, we can ask if the contractible manifolds N of Corollary 3.1 satisfy 2N = S4, or, 
equivalently, if the cobordisms W of Theorem 3 satisfy 2( W; M) = S3 x I. In certain cases we can 
answer affirmatively. 
Fist, following Cappell[4], let us say that a knot (S4, S’), with tubular neighbourhood S2 x D2 
and exterior X, is reflexive if f,: S2 x aD2 -+ S2 x aD2, given by 
fl(xv 4) = (R(@)(x), 4), 
extends to a diffeomorphism X --, X Second, if C is a knot cobordism with C’ = 0, write C for the 
knot (B4, B2) obtained by capping off C’ with a copy of the unknotted isc pair (E4, E2). Note in 
particular that the unknot of S2 is S4 is reflexive, and that 2C = unknot of S2 in S4 is equivalent to 
2(c:c-)~oxZ. 
Our results are then as follows: 
ADDENDUM TO THEOREM 3. Zf, in case (l), we have (i) either a is even or 2& is reflexive, and (ii) 
either S is even or 2e, is reflexive, then 2( W; M) = S’ x I. 
Zf, in case (2), we have 2(C,: Cl-) = 0 x Z, then again 2( W; M) = S3 x 1. 
ADDENDUM TO COROLLARY 3.1. Zf, in case (I), Ki = aLi, where Li = (B4, BiZ), i = 1,2, and (i) either 
a is even or 2Lz is reflexive, and (ii) either 6 is even or 2L, is reflexive, then 2N = S’. 
Zf, in case (2), KI = JL, and 2L1 = unknot of Sz in S’, then again 2N = S’. 
ADDENDUM TO THEOREM 4. Zf 2( C, ; CJ = 0 x Z, i = 1, 2, then 2( W: M) = L (y, 8) x I. 
(6.5) Remarks. (1) As noted in (6.1), Remark (I), examples of knot cobordisms C with C- 
non-trivial, C’ = 0, and 2(C; C-) = 0 x Z are given in [ 171. 
(2) By the 5-dimensional Poincare Conjecture[40], 2N 2 S4 is equivalent to N x Z = B’. 
(3) For any knot K, K # -K = JL, where L is the following disc pair. Let K = (S3, S’), and 
(E3, E’) C (S3, S’) a trivial disc pair. Then write Z? = (9, S’)\int (E3, E’). and define L = Z? x Z 
(suitably smoothed). L can be regarded as the half-spin of K, and 2L is just the ordinary spin of 
K [I], which is reflexive [141. 
(4) It can be shown that the contractible Cmanifold N constructed by Poenaru1331 is 
W(C,, Cz; 0, 1. l.O)u s3 E4, where, if K is the trefoil, Ci- = K # -K. i = I, 2, Cz is 
(K # -K) x Z, and C, is the knot cobordism with C,’ = 0 such that C, is the half-spin of K. A little 
effort is required to establish the equivalence of the two descriptions. 
Note that aN = M(K # -K, K # -K; 0, 1, 1, 0) has a non-trivial orientation-preserving 
involution g (see (3.2)). In [6], Curtis raises the question of whether or not NlJ B -N is 
homeomorphic toS4. Although we are unable to answer this, we can say the following. We have 
aN = aN’, where N’ is the contractible 4-manifold W’ U so E4, where W’ = W(CI, C,; 0, 1, 1,O). 
The involution g : aN’ + aN’ extends to an involution of W’ (see (3.5)), and this in turn clearly 
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extends to an involution of N’. Hence N’U g -N’= 2N’z S”. We do not know if N’s N. 
(5) The contractible 4-manifolds N constructed by de Rham[34] can be shown to be the 
manifolds W(C,, C,; a, 1, 1,O)lJ s’ E”, where C, = 0 x I, Cz- = K # -K for some K, and CI is 
the knot cobordism such that C, is the half-spin of K. In other words, if L = (B’, B*) is the half-spin 
of K, with tubular neighbourhood B* x D2 and exterior V, then N = B2 x D’U f V, where 
f: B* x aD’+ B* x aD2 is given by 1 ff 
( > 
o 1 (see (6.2)). de Rham also observes that if (Y is even, 
then 2N = S4, and asks [34, n. 7291 whether this is true if (Y is odd. Since 2L = the spin of K is 
reflexive1141, the answer is ‘yes’. 
(6.6) Proof of Theorem 3. The first part of the conclusion follows from Lemma 2. 
We calculate r,(W). Let Yi be the exterior of G, and let A,, pi E r,(Y,) be elements 
corresponding toa longitude-meridian pair for C,. i = 1,2. Then, by van Kampen’s Theorem, 
~,(W)E(~,(Y,) * 7T,(Y*))/(A, = A2aF2Y, P*-I = A*pCL*6). 
Note that since C,+ = 0, A, = 1. 
NOW in case (I), C2+ = 0, and so AZ = 1. The relations are then 
which, since y = 21, imply cc2 = 1, @1 = 1. But attaching the tubular neighbourhood S’ x D* x I to 
Yi by the identity on S’ x aDZ x I just gives S3 x I, and so 
571( Yi)l(pi) = n1(S3 X I) = 1, i = 1,2. 
Hence P,(W) = I. 
In case (2), (Y = 0, and the relations then become 
,u2’ = 1, ~1 = Atsp2’. 
But the first relation implies A2 = 1, and so again we have r,(W) = 1, as in the proof of case (1). 
Proof of Theorem 4. Again the first part follows from Lemma 2. 
To prove the second part, retain the notation introduced in the above proof of Theorem’3, and 
note that the assumption rl( Yi) = Z implies (by homology considerations) that pi is a generator 
and Ai = 1, i = 1, 2. We then have 
7T,(W)~((I*1,~2:CL27=1,111=~26) 
z (p2: /.LzT = 1) = z,,,. - 
(6.7) In this section we shall prove the Addenda to Theorems 3 and 4 and Corollary 3.1. First we 
consider a special case, which is essentially that discussed at the beginning of (6.4). We then reduce 
the general situation to a form in which this special case is sufficient to give the desired result. 
As usual, A = ff P 
( ’ y 6)’ 
with det A = -1. 
LEMMA 6. Let Co be the knot cobordism 0 x I, and let C be a knot cobordism with C’ = 0. 
Suppose that y = 21, and that either (Y is even or 26 is reflexive. Then 2(W(C0, C; A); 
M(Co-, C-; A)) = S3 x I. 
Proof. Write W = W(C,. C; A), and let N = WIJ s3 E*. We shall prove the equivalent 
statement 2N = S4. 
Let Y0 be the exterior of Co, and Y the exterior of C. Then Y0 = D* x a,?? x I, and we have 
S’ x aDz x I C aY as usual. Then W = YOU hxid Y, where h: aD2 x aE*-+ S’ x aDZ is given by 
a P 
( > r1 6 




Now recall that C = (B’, B’) is obtained from C by attaching a copy of the unknotted pair 
(E4, E’) to C along C’. Let V be the exterior of C. and V0 the exterior of (E4, E*). Let 
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g: E2x aD2-+i2x aD2 be given by 
D’U 8 Vo = E”. Hence 
Then, since (E4, E2) is unknotted, E2x 
N = WIJ s~E4=(D2~ aE’xIU,,.,, Y)IJ s-‘(~2~ 02U8 vo) 
=(aE2x Iu ~EGI Et) x D’U (h’xid)ug V 
=B2xD2UrV, 
where f: B2 x aD2+ B2 x aD2 is given by t ‘I* 
( > 
. Thus if 2C? = (S*, S2), with tubular 
neighbourhood S2 x D2 and exterior X, then 2N = S2 x D’U f,. X (see (6.4)). If a is even, then ftp 
is isotopic to the identity, and if 26 is reflexive, then fern extends to a diffeomorphism X + X. 
Hence in both these cases, 2N = S2 x D’U idlS*xaD* X = S4. 
Proof of rhe Addenda. First consider case (1) of the Addendum to Theorem 3. We have 
2(w; M) = w(2(c,; Cl-), 2(C2; C2-); A). 
We use the geometric trick illustrated in Fig. 1 to express this in a form where we can apply Lemma 
6 twice. Let Co be 0 x I. It is then clear from Fig. 1 that, using collars, we can define a 
diffeomorphism 
W(2(C,: C,-), 2(C2, C,-); A) = W(Co, 2(C2, Cz-); A)U s’ W(2(Cl7 Cl-), Co; A), 
where the common S3 is the “bottom” end of the first cobordism and the “top” end of the second. 
We omit the details. But by Lemma 6 and hypothesis (9, W(Co, 2(Ct7 C2-)i A)= 
2(W(Co,C2;A);M(Co-.C2-;A))=SS3xI. Similarly, since W(2(C1, CJ, CO; a, P, 7,s) 3 
W(C,, 2(C,, c,-); -6, p, 7, --a), we have W(2(C,; C,-), Co; A) = S3 x I by hypothesis (ii). There- 
fore 2(W;M)~SS3xIU53S3xI~S3x1. 
In case (2), we have 
2( W; M) = W(2(C,; Cl-), 2(C2; C2-): A) 
= W(Co, 2(G; C2-1; A) 
3 W(C,, 2(C2; C,-); 0, 1, 1,0) (since a = 0) 
zSs3xI. 
h x id 
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The Addendum to Corollary 3.1 follows from the Addendum to Theorem 3. 
Similarly, under the hypothesis of the Addendum to Theorem 4, we have 
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2( W; M) = W(2(C,; Cl-), 2(C2: Cz-): A) 
= W(C,, Co; A) 
=M(O,O;A)xl 
= L(y, 8) x I. 
(6.8) In [13], Glaser shows, using Mazur’s construction[27], that there exist infinitely many 
contractible Cmanifolds whose boundaries have indecomposable (with respect o free product) 
fundamental group. It is not clear, however, that these boundaries are actually irreducible. It 
therefore seems worth pointing out that the method of gluing together knot cobordism exteriors 
yields 
THEOREM 5. There exist infinitely many contractible 4-manifolds N, such that 2N = S’, with aN 
irreducible. 
More generally, we have 
THEOREM 6. For any y, S, there exist infinitely many homology-cobordisms W between L(y, 6) 
and M, say, such that the inclusion of L(y, 8) in W is a homotopy equivalence, 2( W; M) = 
L(y, 8) x I, and M is irreducible. 
We remark that the manifolds 8N and M in Theorems 5 and 6 respectively are also sufficiently 
large. 
Once we have contractible Cmanifolds, we can construct various group actions of one kind or 
another. For example 
COROLLARY 5.1. (1) There exist infinitely many orientation-reversing involutions of S’ with 
fixed-point set an irreducible homology 3-sphere. 
(2) There exist infinitely many semi-free S’-actions on S’ with fixed-point set an irreducible 
homology 3-sphere. 
As far as Theorem 6 is concerned, we mention 
COROLLARY 6.1. For each m E 1, there exist infinitely many orientation-reversing involutions of 
S2 x S2 with fixed-point set an irreducible 3-manifold M with HI(M) = Z2,,,. 
Proof oj Corollary 5.1. (1) For each N as in Theorem 5, define an orientation-reversing 
involution on S4= NU aN -N by interchanging the copies of N in the obvious way[27]. 
(2) Since 2N = S4, N x I = B’, and therefore N x Dz= B6. Hence a(N x D2) = S5. Now the 
linear S’-action on D2, gnd the identity on N, defines an S’-action on N x D2 which restricts to a 
semi-free S’-action on a(N x D2) = S5 with fixed-point set aN x 0[22]. 
Proof of Corollary 6.1. Let W be a cobordism as in Theorem 6, between L = L (2m, 1) and M. 
Now L = aD(2m), where D(2m) is the D2-bundle over S2 with Euler number -2m. Then 
2(D(2m)Ut W)=D(2m)Ur WUM-WUL -D(2m) 
~D(2m)UrxoLxIULxl-D(2m) 
= 2D(2m) zz Sz x S2. 
Hence an orientation-reversing i volution on S2 x S2 can be defined by interchanging the copies of 
D(2m)U L W, and the fixed-point set is M. 
Using L(2m + 1, I), we get similar involutions on the non-trivial S2-bundle over S’. 
(6.9) One way of getting infinitely many examples of the kinds described in Theorems 5 and 6 is 
by the rather tedious method of finding suitable representations of the fundamental groups of aN 
and M respectively. For example, it can be shown that if K is the torus knot of type m, n and we 
write G(m, n) = r,(M(K # -K, K # -K; 0, 1, l,O)),‘then G(m, n) = G(m’, n’) if and only if 
{m, n} = {m ‘, n ‘}. (This can be proved by showing that G(m, n ) has a representation onto the 
polyhedral group (m, n, mn + 1)[5, p. 671, whereas if {m, n} # {m’, n’}, G(m’, n’) has no such 
representation.) Since K # -K is a slice knot for any K, Theorem 5 then follows from Corollary 
3.1 and its Addendum. 
There is no point in giving the details, however, since an alternative method is available, which 
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is based on a result of Haken [191. Haken’s result has been used by Evans [9] to produce infinitely 
many irredicible 3-manifolds with any given (finitely generated) first homology group, and we use it 
in the same spirit, although the details are rather different. The relevant result is (see [ 19, p. 4423) 
that if M is an irreducible 3-manifold (recall that all manifolds are assumed compact and oriented), 
then 
S(M) = max {n : M contains n disjoint, incompressible, 
pairwise non-parallel, closed surfaces} 
is a well-defined integer. 
We shall need the following lemma, which is stated in the generality necessary for a similar 
application in 47. 
LEMMA 7. Let K, be a non -trivial knot in a homology sphere, i = 1, . , ., n, and let Xbe the exterior 
of K, # . . . # K.. Suppose that X is irreducible. Let Y be an irreducible 3-manifold with 
incompressible boundary such that there is a difleomorphism h: 8X + aY, and define M = 
XIJ ,, Y. Then M is irreducible and S(M) 2 n. 
Proof. The case n = 1 is clear, so we suppose n > 1. 
Let X, be the exterior of’K,, i = I, . . ., n. Then, by van Kampen’s Theorem, r,(X) is isomorphic 
to an n-fold free product with amalgamation * (r,(X,), . . ., a,(X, ); Z), where a generator p of the 
amalgamated subgroup Z is identified with a meridional element pi E P,(X) for each i. Let 
hi E r,(X) be the longitudinal element corresponding topi. If A = l!i hi, then A, p corresponds to 
i-, 
a longitude-meridian pair for K, # . . . # K,. 
The desired result will follow from standard properties of free products with amalgamation 
(see, for example, [261). 
First note that aX is incompressible inX, for, if not, then A’p” = 1 in r,(X) for some r, s not 
both zero. Abelianizing n,(X), we see that s = 0, and so A = il?, Ai has finite order in r,(X). But this 
is impossible, since the hi lie in distinct factors of the amalgamated free product. Thus M is 
irreducible, and S(M) is well-defined. Note also that T,(M) = a,(X) *zxz n,(Y), where the 
amalgamated subgroup corresponds to that generated by A, k in r,(X). 
Now for each i, let Ti C Xi C X be a torus obtained by pushing aX into int X,. Since Ki is 
non-trivial, Ti is incompressible in Xi, and hence in X, and hence in M. We now claim that the 
groups n,(x) are pairwise non-conjugate in r,(M). For suppose that for some i, j, if j, T,(T) and 
nl(Tj) are conjugate in T,(M). Then Ai is conjugate in a,(M) to Air/~;, say. But n,(M) s 
p,(X) *zxz P,(Y), Ai lies in the factor T,(X), and does not lie in a conjugate of the amalgamated 
subgroup Z x Z. Hence [26, p. 2121 hi and Aj’p.j) are conjugate in P,(X). Abelianizing T,(X) now 
shows that s = 0, and so Ai and Aj’ are conjugate in n,(X). But again Ai and Aj’ lie in distinct factors 
of * (7r,(XI), . . ., n,(X.); Z), and neither lies in a conjugate of the amalgamated subgroup. Hence 
they cannot be conjugate in n,(X). This shows that n,(r) is not conjugate in n,(M) to PI(F), and 
hence that T, and T, are not homotopic in M, if j. Therefore S(M) 2 n. 
Proof of Theorems 5 and 6. Suppose we have constructed distinct contractible Cmanifolds 
N,, , . ., N,,, as in Theorem 5. Choose n > max{S(aN,), . . ., S(aN,,,)}. Let K be any non-trivial slice 
knot, let K, be the connected sum of n copies of K, and let Kz be any non-trivial slice knot. Let A 
be the usual 2 x 2 matrix, with y = tl and Q and 6 even. Then, by Corollary 3.1 and its Addendum, 
M(K,, K2; A) bounds a contractible Cmanifold N,,,+, such that 2N,+, s S*. Since S(aN,+,) 2 n 
by Lemma 7, N,,,+, is not homeomorphic to Ni. 15 i 5 m. 
Theorem 6 is proved in exactly the same way, using Theorem 4, only now K and Kz have to be 
knots of the kind described in [ 171. 
97. FREE 2,.ACTIONS 
(7.1) The construction of gluing together knot exteriors can be extended to the gluing together 
of their k-fold cyclic covers, and this can be used to obtain closed 3-manifolds with free Zk -actions. 
Our motivation is the following question of Orlik[30]: 
Question (Orlik). Does every free Z,-action on an irreducible homology 3-sphere embed in an 
S ‘-action ? 
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A negative answer is contained in: 
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THEOREM 7. For each k 12 there exist infinitely many irreducible homology 3-spheres Q such 
that Q admits a free &-action which is not homotopic to the identity. 
Furthermore, Q can be chosen to be the boundary of a contractible 4-manifold N, and the action 
on Q to be the restriction of a semi-free Zk-action on N with a single fixed point. 
(7.2) Let K be a knot in a homology sphere M, with exterior X. The k-fold cyclic cover of 
X, p : X, + X, is that associated,with the kernel of the composition r,(X) + H,(X) = Z + Zk. We 
can identify 8X, with S’ x aD2 in such a way that p IaX, : 8X, --$8X is given by (64 )H (0, kd L A 
generator g: X, + X, for the group of covering translations can then be chosen so that g[JXk is 
given by (0, d)++ (f3,4 +2~/k). The k-fold branched cyclic cover M, of K is defined by 
M, = X&, s’xa~’ S’ x D*. We shall write b,(K) for the knot (M,, S’ x 0). Note that if M, happens 
to be a homology sphere, then S’ x D’ is a standard tubular neighbourhood for b,(K). 
To get manifolds with free &-actions. let K, K’ be knots in homology spheres M, M’, with 
exteriors X,X’ and k-fold cyclic covers X,, XL, and let g, g’ be the corresponding generators of the 
groups of covering translations. Identifying ax, and 8X; with S’ x a@ as above, let 
h : 8X, + ax; be given by A = a P 
( > Y 6’ 
with det A = - 1, and define Q = X,u ,, XL. Then g and 
g’ will match up to give a homeomorphism f: Q + Q. which generates a free &-action on Q, 
provided that h(g lax,) = (g’laX;)h. These homeomorphisms are given by 
hg(& 4) = ((~0 + P#I +27$/k, -ye + 6d +2d/k), 
and 
g’h(8, 4) = (4’ + ,L@, ye + 84 + 2?r/k). 
The compatibility conditions are therefore 
p=O (mod k), 
6= 1 (mod k). 
(7.3) The fact that the manifolds we construct are irreducible will follow from: 
LEMMA 8. Let X be the exterior of a non -trivial knot in S3 and p : X, + X the k-fold cyclic cover 
of X. Then X, is irreducible and ax, is incompressible in X,. 
Proof Let F x Z c X be a bicollared minimal Seifert surface for K. That is, F x Z is as in (4. l), 
andifF’=Fxl,F-=FxO,thentheinclusionsj*: F* + B = X\ F x int I induce monomorph- 
isms jz: n,(F*) + T,(B). (For the existence of minimal Seifert surfaces, see [29, Ch. IV].) Note 
that B is irreducible. D 
Then Xk can be constructed (see [29, Ch. V]) by taking k copies Bi, 0 s i 5 k - 1, of B, and 
identifying E’ in Bi with FY+, in Bi+, (where the suffices are understood to be reduced mod k). We 
then have k copies of F, namely Fi = Fi’, 0 5 i I k - 1, embedded in X,. Now let S C X, be an 
k-1 
embedded 2-sphere. We may suppose that S n U E is a finite collection of simple closed curves. 
Let C C F, say, be a member of this collection which is innermost in S. Then C bounds a disc D in 
S, and we have either D C B, or D C B,+,. Since j; (resp. j;) is a monomorphism, C bounds a disc 
D’ in F,, and since B is irreducible, the 2-sphere D U D’ then bounds a 3-ball in B, (resp. B,+,). 
This 3-ball can be used to construct an isotopy of S in X, which has the effect of removing the 
intersection curve C. Continuing in this way, we finally obtain S’ isotopic to S such that S’ lies 
entirely in some Bi. Since B is irreducible, S’ bounds a 3-ball in Bi, and hence S also bounds a 3-ball. 
The incompressibility of ax, in X, follows from the commutative diagram 
5. 
7h(aXk) - m(X) 
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where i : aX + X and i, : 3X, + X, are inclusions. Since i, and (p IaX, ).+ are monomorphisms, i, * 
is also. 
(7.4) We now investigate the effect of g: X, + X, on the fundamental group; this is needed in 
order to show that we can produce actions which are not homotopic to the identity. 
Some care must be taken with base points, so choose a base point b E dX,, and let w be a path 
in X, from b to g(b). Let w,: n,(X,,g(b)) + nt(Xk, b) be the isomorphism defined by 
w+[u] =[w 0 u 0 @I 
(where paths are composed from left to right), and consider the automorphism 
w+g*: a,(Xk, b)+ w,(Xk, b). 
LEMMA 9. Ler K be a knot in S3 which is not a torus knot. Then w,g,: 7rl(Xk, b) + rd& b) is 
not an bner automorphism. 
Proof. Let p : X, + X be the covering projection, and let t = [pwl E ?r,(X, p (b )). Then there 
is an exact sequence 
1 ----_* T,(x,., b) * ndX,p(b)) - Zk - *, 
(which allows us to identify P,(X~, b) with its image P ,rrGG, b) C nl(X, p(b))), where r maps to a 
generator of Zr, and 
rxr --I = w,g,(x) for all x E r,(Xk, b). 
Therefore if w,g* is an inner automorphism. then there exists z E nl(Xk, b) such that 
txt -’ =2x2-’ for all x E rrl(Xk, b). 
In particular, taking x = z, we see that t commutes with z. It is then clear that z-‘t lies in the centre 
of n,(X, p(b)) (since it commutes with every element of P,(X~, b) and with t), and is non-trivial 
(since it maps to a generator of Z,). By [3], this implies that K is a torus knot. 
(7.5) Proof of Theorem 7. Let K, K’ be non-trivial knots in S3. Then by Lemma 8, 
Q = X,lJ h X; is irreducible. Moreover, if we choose K, K’ so that M,, ML are homology spheres, 
and the matrix A so that p = 0 (mod k), S = 1 (mod k), and y = ~1, then Q will be a homology 
sphere with a free Zt-action. Now the k-fold branched cyclic cover M, of a knot K is a homology 
sphere if and only if n A(o’) = 1, where A(r) is the Alexander polynomial of K and o is a primitive 
kth root of unity];;:. There are therefore plenty of suitable knots for any k (for example, 
non-trivial knots with A(t) = 1, such as untwisted doubles [42], will certainly do). It is also clear that 
suitable matrices A exist for any k. 
It remains to show that we can also ensure that the generator f: Q + Q of the free ZI,-action is 
not homotopic to the identity. Let T C Q be the common boundary of X, and XL, and choose a 
base point b E T. Let w be a path in T from b to f(b), and consider the automorphism 
w-f,: sr,(Q, b) + ~F,(Q, b). If f is homotopic to the identity, then w,f* is an inner automorphism. 
Now, by van Kampen’s Theorem, sr,(Q, b) is naturally identified with the amalgamated free 
product 7~,(Xk, b) *,,,(~.b) rl (XL, b). Also, wxf* preserves the factors T,(X~, b) and I;,(X;, b); in 
fact w,f*Ir,(X, b) = w*g* and ~,f.+lr,(X’, b) = wig;. Therefore. if w*f* is an inner au- 
tomorphism, say conjugation by z E ~T,(Q, b), then it follows from well-known properties of free 
products with amalgamation (see, for example, [26, p. 2121) that z E a,(T, b). This implies that 
w,g* and w,g$ are inner automorphisms, and hence, by Lemma9, that K and K’ are torus knots. 
Since we can certainly avoid these (for example, no non-trivial knot with A(t) = 1 is a torus knot), 
we get homology spheres Q with the desired properties. 
To get examples as described in the second part of Theorem 7, we use the rather special knot 
cobordisms mentioned in (6. l), Remark (1). Recall that these are obtained as follows. Let (B”, B’) 
be a ball pair, with a(B4, B*) non-trivial, such that (B“, B’) x I is unknotted[l71. Let (E*. E*) be a 
standard neighbourhood of some point in int B’, and define C = (k”, B’)\int (E”, E’). Then 
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C- = a(B4, B2) and C’ = 0. If Y is the exterior of C, then aY = E2 x aD* U S’ X aD* X I U -X-, 
where E2 x aD2 and X- are the exteriors of C’ = 0 and C- respectively. Also, the fact that 
(B4, B*) x I is unknotted implies that the inclusion E* X aD2 + Y is a homotopy equivalence. It
then follows that if Y,,X,- are the k-fold cyclic covers of Y,X-, then aYk = 
E2 x aD* u S’ x aD’ x I U -Xk-, and the inclusion E2 x aD2 --, Y, is a homotopy equivalence. 
If C, C’ are two such cobordisms, we consider W, = Y, U hxid YL, where h : S’ X aDz + S’ X aD2 
is given by A. Then W, is a homology-cobordism between Uy, S) and M(bk(C-1, b,(C’-); A), and 
if y = 2 1, then the fact that Y, and Y; are homotopy equivalent to S’ implies that 7r1( Wk) = 1. If in 
addition p = 0 (mod k) and S = 1 (mod k), then the actions of Zr on Yk and Y; define a free 
Zk-action on W,, which restricts to an orthogonal action on S3. Defining N, = WkU ~3 Ed, and 
extending the action on S3 to Ed, we then get a contractible Cmanifold N, with a semi-free 
Zr-action which has the single fixed point 0 E E4. 
We note the following alternative description of Wk. W = W(C, C’; Q, /3/k, ky, 8) is a 
homology-cobordism between M(C-, C’-; (Y, P/k, ky, 6) and L(ky, 8) with P,(W) =Zr (y = kl), 
as in Theorem 4. Then W, is just the k-fold (universal) cover of W, and the above ZI,-action on W, 
is that induced by the covering translations. 
Finally, to get infinitely many distinct examples, we use Lemma 7, as in the proof of Theorems 5 
and 6. 
(7.6) We now give a formula for the p-invariant of the homology spheres Q with free Z2-actions 
given by Theorem 7, in terms of certain invariants of the knots K, K’ used in the construction of Q. 
Let K, K’ be knots in S3 with Alexander polynomials A(t), A’(t), such that IA( = b’(-l)] = 
1; this implies that the 2-fold branched cyclic covers of K and K’ are homology spheres [l Il. Let 
Q = M(b2(K), b*(K’); A), where y = 51, /3 =O (mod 2), and 6 = 1 (mod 2), as in the proof of 
Theorem 7. Then Q is a homology sphere with a free Z2-action. Let u(K), cr(K’) be the signatures 
of K,K’. 
THEOREM 8. 
llQ = (A(i)A (A’(i)A’(-.# - 2 - u(K) - a(K’) 
16 (mod 1). 
Proof. First note that 6 = 1 (mod 2) implies LY = 1 (mod 2), since /3 = 0 (mod 2) and 
(Ys-py= - 1. Write M, M’ for the homology spheres which are the 2-fold branched cyclic covers 
of K, K’. Then, by Theorem 2, 
pQ = pM + /.LM’ + c(bz(K)) + c(bdK’)). 
Now M = aY, where Y is a l-connected Cmanifold whose quadratic form is given by the 
matrix V + VT, where V is a Seifert matrix for K (see [16,11.6]). But the signature of this is by 
definition o(K). Hence pM = -u(Y)/16 = -a(K)/16 (mod 1). 
Also, the Alexander polynomial D(t) of the knot bz(K) is given by D(t’) = A(t)A(-t)[lll. 
Hence 
c(b2(K)) = “(-:z- ’ (mod 1) (see (4.1)), 
= @h(iM-N2- 1 trnod I} 
16 
This gives the stated formula. 
Finally, it follows from Theorem 8 that there exist irreducible homology spheres Q with free 
Z2-actions as in Theorem 7 with any desired value of p. For example, to get Q with PQ = 0, we can 
take K, K’ to be any non-trivial knots with A(f) = A’(t) = 1 and, therefore (see [381), r(K) = 
u(K’) = 0. To get Q with PQ = l/2, we can take K (non-trivial) with A(t) = 1, and K’ the torus knot 
3,5. For then cz(K’) = 8 (in fact M’ is just dodecahedral space [37, p. 222]), and A’(i) = A’(-i) = 1. 
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